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An analysis is made of the effect of streamwise density changes, due to chemical reactions, on the flow in the
shock layer of a medium- to low-aspect-ratio deita wing at angles of incidence such that the shock wave is
detached from the leading edges. It is shown that the flow retains the essentially conical character that is
associated with the absence of density changes. Near the midspan of the 'wing, the density changes displace the
shock wave toward the wing surface but do not alter the shock shape. The displacement effect predicted by the
analysis is confirmed by experiments in a high-enthalpy shock tunnel.

Nomenclature
A = constant defined following Eq. (24)
b = semispan per unit length
C = —h/be”
h =ridgeline height per unit length
H, = enthalpy downstream of shock
H, =stagnation enthalpy )
H_ = enthalpy upstream of shock
K =reaction constant
) =chordwise length of wing
p = absolute pressure ,
q =resultant velocity downstream of shock
U =mainstream velocity
u,v,w =nondimensional velocity components
x* = distance from wing apex
y*,z* = associated Cartesian coordinates
X, 02 = conical coordinates
X, 2,1 =modified coordinates
Yo = centerline shock coordinate in constant-density
flow
»,—»), =distance from shock to streamline in constant-
density flow
«a =angle of incidence
&6/x* =normalized midspan shock standoff
A, =shock standoff from ridgeline in y coordinates
Ay =streamline displacement due to relaxation
Ay, =surface displacement due to relaxation
€ =(=p,/py), inverse shock-density ratio
o = density
o* =distance from shock along streamline
a =og*/1
o’ =0/Xx
¢ = [=(p/p, - 1)], density variable
X =binary reaction parameter
Q =b/(e”tana)
Subscripts
b =body
f =frozen
e =equilibrium
s =shock
oo =upstream of shock
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I. Introduction

HEN a medium- to low-aspect-ratio delta wing with

sharp leading edges flies at high supersonic speeds, a
shock wave is formed on the windward side of the wing. At all
but low angles of incidence, the shock is attached to the
leading edges only at the wing apex. The resulting shock-layer
flow has been subject to a number of theoretical and ex-
perimental investigations!-> for cases in which the density of
the fluid in the layer remains essentially constant.

However, at flight conditions associated with gliding re-
entry from Earth orbit, chemical reactions cause significant
density changes within the shock layer. The problem of in-
corporating these density changes within delta wing shock-
layer theory is considered in this paper. The conical-flow
theory originated by Messiter! for constant-density flows,
and extended by Hillier to nearly conical flows, is further
extended to accommodate the density changes arising from
chemical relaxation. The effect of these changes is then
determined as a perturbation of the constant-density results
presented by Squire.? The theory is compared with exact
numerical calculations and with experimental results in the
form of measurements, made by Stollery and Stalker,%’ of
shock standoff on delta wings in a high-enthalpy shock
tunnel.

II. Analysis

A. Flow Equations

The flow configuration is shown in Fig. 1. The wing has a
delta planform. The shock wave, which is attached only at the
wing apex, bounds a thin shock layer that is formed on the
wing. The reference plane is taken to be in the plane of the
wing leading edges at the apex, and the angle of incidence « is
taken as the angle between the incident flow direction and the
line 00’ through the midspan of the wing in the reference
plane. Curvature of the wing surface in the crossflow plane
(i.e., the x*, z* plane) is allowable, provided that the radius of
curvature is large in comparison with the span.

The flow analyzed by Messiter! and others who followed
him3#* involved a conical wing, with a conical flow in the
shock layer and a shock wave that is a ruled surface, with the
generators passing through the wing apex. Hillier? showed
that these requirements for a strictly conical flow con-
figuration can be relaxed, and that the flow can be analyzed
for more general configurations in which the leading edges are
not necessarily straight and in which both the shock and the
wing surface may exhibit curvature in the streamwise
direction.

Hillier began by defining Cartesian coordinates x*, y*, z*,
with the x* and z* coordinates located in the reference plane
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Fig.1 Typical configuration.

and y* directed away from the wing surface. Velocity com-
ponents were taken as u*, v*, and w* in the x*, y*, and z*
directions, respectively. He employed the transformations

x=x*/l, y=y*/(x*etana), z=2z*/(x*¢”tana) (la)

u=(u*/U—cosa)/ (esinatane), v=v*/(Uesina)
w=w*/(Ue*sina) (1b)

to develop the equations of flow in the shock layer, and, by
neglecting terms of order ¢, where e <1, he obtained the thin-
shock-layer equations in conical coordinates. He then
assigned the coordinate y the role of a dependent variable and
introduced a new independent variable 5 defining an arbitrary
streamsheet that originated at the apex of the wing, as shown
in Fig. 1. Now, a property of the flow that emerges from the
thin-shock-layer equations is that w is constant along
streamlines within the shock layer and therefore, if the
streamsheet is chosen such that w is constant along the trace
of the streamsheet at the shock, then w is constant over all of
the streamsheet. By using this condition, Hillier obtained the
continuity equation in the shock layer in a form that allows it
to be formally integrated.

Hillier’s analysis can be extended readily to the case where
density changes within the shock layer are of the same order
as the density at the shock. The continuity relation then yields
the equation

2y d%y oy ( x* D¢
A S AN b ) 2
xaxan [w(n) =2l d9zdn an * 1+¢ Do* 2)

when it is combined with the differential equation for the
streamlines, i.e.,

y—=v+x(dy/ox) + [w(n) —z](3y/02) =0 (2b)
Here p=p,(1+ ¢), and D¢/Do* signifies differentiation of ¢

along a streamline. For constant density, Eq. (2a) reduces to
Eq. (6.1) of Hillier. Equations (2a) and (2b) are associated
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Fig.2 Constant pressure relaxation downstream of shock in air.

with the shock boundary conditions
v,=y, +x(3y,/3x) — 1 — (8y,/82)? —2(dy,/02) 2¢)
w,=—ay,/0z (2d)
and the boundary conditions at the body
(99/0X) posy =0¥p/ %5, (39/02) poay =8¥5/025  (2)

The preceding equations are sufficient to define the crossflow
in the shock layer.
B. The Reaction Term

The effect of chemical reactions on the density is contained
in the last term in the parentheses on the right-hand side of
Eq. (2a). Neglecting terms of O(e), it is possible to write

o*=x*—x?} 3)
and if it is also noted that w* is constant along streamlines,
then

¥ —zy= (x* —x¥) w*/Ucosa
or, using the transformations (1a) and (1b),

x*/ (¢ =x3) = {wn) —z,1/(z=z,) },,, )

where the braces about the term on the right-hand side serve
as a reminder that the relation applies along a streamline
originating at the shock. Thus it is found that

x* D¢ _ [w(n)—zs] D[(l+¢)] ®)
1+¢ Do* z2—2, Jdn;  D(fo*) .
where z is the value of z at which the streamline meets the
shock.

Now, the pressure changes within the shock layer are small,
and so it is a good approximation to assume that reactions
take place at constant pressure along streamlines. Thus, the
variation of density with distance from the shock will follow
curves of the type shown in Fig. 2. These curves were
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calculated for air by following the method of Ref. 8. They
display the variation of density due to chemical relaxation,
expressing the density as a fraction of the equilibrium density
p. that is achieved far downstream and distance from the
shock in terms of the binary reaction parameter x. The curves
have been obtained for p=33 kNm-2, corresponding ap-
proximately to the test conditions of Stollery and Stalker.
Over a large range of pressures, however, the slope of these
curves is independent of the pressure level.

The variation of (1 + ¢) with fo* follows curves of the
same form, as shown in Fig. 3a. This curve can be modeled by
a ramp function, as shown by the broken lines in the figure,
and this allows

D[n(I+¢)]
D (fno*)

to be represented by a step function, as shown in Fig. 3b.
According to the model, the derivative is zero while the gas
remains frozen, up to distance ¢f from the shock, and sud-
denly increases to K, the slope of the broken line in Fig. 3a, as
the gas begins to react. The derivative remains at this value
until the gas reaches the equilibrium condition, at distance o}
from the shock, when the derivative drops to zero again.
Inserting this step function into Eq. (5) and using it to sub-
stitute in Eq. (2a), Eq. (2a) becomes
g

Doim) —a] oL gy 2L 2 (e (M%)

FX— =
9207 dxdn an Z—2Z

s

for lz;—z,l < lz—2,1 < Iz, — 2,1

a
=— a_y for lz—z I < lz;—z tor lz—z, ! > Iz, — z,!
)
=2+ [w(n) —2,)os/x

Ze=Zs+[W(TI) —ZS]O'E/X (7)

C. General Solution
Equation (6) has the general solution

ay/om=[w(n) —21G(n) Hix[w(n) —z] Jexp[F(x,n,2)] (8a)

where G and H are arbitrary functions and

for lz—z,1<lz;~z,l,  F(xn2)=0 (8b)
for lz;—z 1 < lz—z, 1 < Iz, ~z,1,

F(xm,2) =Kbn{o[w(n) —z,1/(x—0p) (2—2,))  (8¢)

In(1+ @)

K p-————

Inoy In O

Fig.3 Reaction rate step function.
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and

for lz—z,1> |z, —z,1,
F(x,n,2) =K{I[o;(x—0,) /0, (x~0,)]} (8d)

Equation (8a) can be integrated with respect to % to yield

(x,z

5(%62)
y(x,1,2) =ys(x,z)—S: [w(n;)—z1G(n))

X H{x[w(n;) ~z]}exp[F(x,9;,z) 1dn, 9

where 7,(x,z)=const is the trace in the shock where the
streamsheet commences. Following Hillier, this equation can
be used in conjunction with the body-surface boundary
conditions, Eq. (2¢), to show that

w(n) =z, (10

at the body surface for a detached shock.

The analysis has been general up to this point, applying to
configurations in which both the shock wave and the body
surface may be curved in both the crossflow plane and the
streamwise plane, and the wing leading edges are not
necessarily straight, even in planform. The restriction

N, (X%2) =2 : an

is now applied, implying that, since w(n)=const on a
streamsheet, dy,/dz=const along all lines z=const and the
shock profiles in the crossflow plane must be self-similar. As
explained by Hillier, it also implies that the wing leading edges
lie along lines z=const. Thus, with this restriction the analysis
is confined to delta planforms with a shock shape that can be
derived from a conical form simply by applying streamwise
curvature, that is, by applying ‘‘simple camber.”’ For such
configurations, Hillier showed that, by combining the shock
boundary condition (2¢) with Egs. (2b) and (11), it is found
that

Hix[w(g)—z]}=H=const and G(z) = [w(g) —z]?/H

Equation (9) then becomes

Pxm2) =y, (%2) - S” [w(n,) —2) [wn,) —n,] 2
xexp [F(x1,,2) 1dn, (12)

where F(x,7,z) is defined in Eqgs. (8b-d), with z, =7 and with
Egs. (7) used to substitute for z, and z,.

Equations (12) provide a means by which solutions can be
generated. By choosing a shock shape, y (x,z) and w(y) are
specified, and the integration of Eq. (12) may proceed, by
numerical means if necessary. Choice of the shock shape
determines the span of the associated wing and hence its
planform. This is because, as shown by Messiter for a con-
stant-density flow, the requirement for a sonic component of
flow normal to the wing leading edge at the shock reduces to

w(Q)=1+Q (13)

Since the density is constant in the present flow close to the
shock, where the gas is frozen, the same relation applies here.
Integration of Eq. (12) from the shock to the wing surface,
which is specified by Eq. (10), then yields the surface shape
within the planform corresponding to the chosen shock shape.

IIl. Approximate Solution Near Wing Midspan
A. Surface Displacement

The foregoing procedure can be followed to determine the
effect of reactions on the flow, by taking shock shapes
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corresponding to constant-density solutions and determining
the changes in the associated surface contours brought about
by the reactions. Close to the midspan of the wing, such shock
shapes can be represented by the relation®*

w(n) =am (14)
and it is of interest to develop a solution that applies to this
region. Also, if F(x,n,7)<1, that is, if the density changes due
to reactions are small, then the approximation

exp [F(x,n,2) ] =1+F(x,n,2)

may be employed and, by making use of Eq. (14), Eq. (12)
becomes

y(xm,2) =y, (%,2) + (a; —1)‘2& (a;n;—2)d(n;")
+Sn (@ — ) Foann2)d(ni ') 15)

The first two terms on the right-hand side of this equation
yield the y coordinate for a given streamsheet in constant-
density flow. The last term therefore represents the change in
y, due to reactions, for that streamsheet, i.e.,

Ay=(a1~1)-2Sn (@ —2)Fxn,di)  (16)

'Noting the relations (8b-d), Eq. (16) may be written,
for lz—nl < l(a,—1)no7l, Ay=0 (17a)

for l(a, —Inofl < lz—ql < 1(a; —1I)no.l,

]
Ay(aI—I)-?KH:Snf (a1, —2) (loj/ (1= 0)]

[ (z=n,)/(am; —2)1}d(ni ") (17b)

for lz—ql> I(a, —)no.l, Ay(a, —1)?K~!
e
=taloj(I=0) 0 (1=0)1| " (@n; ~0)d(n7
n

7
[ @m—aitop@m,~2)/=op) (@m=2)1d (i)

e
(17¢)
where
o’ =0/X, nf=2[1+(a1—1)of’]‘1
ne=zl1+(a,—1)o,]7!

Equation (17b) can be written as

Ay=K(a;—1) 2tlof/ (1—ap) 1 {a,u(n/ny) +2/0 =2/}

K =0 2 -1 N\—!
T M Pl Gy D
2(a; = 1) Joyj=n La;+1 a;+1

x%(%)dé (18)

where £=(a; —1)"'(2z/9, —4a, —1). The condition 5, =z at
the shock and Eq. (10) at the body surface ensure that £ is
limited to values between -1 and 1, and therefore it is
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possible to use the first two terms of the expansion
U+E(a,~ D)/ (a;+ )1~ =1-E(a,~1)/(a,+ 1)
+&(a; =1/ (a,+ 1)+ - (19)

to obtain an approximation for the integral in Eq. (18). In-
tegration by parts then yields a solution of Ay. By using Eq.
(10) to put p=z/a, in this solution, the displacement of the
wing surface toward the shock can be obtained as

Ay, K-T=—~(a,—1) ?{a;ma,—a, +1
—a, i1+ (g, — 1o}l + (a,— 1o} Yml0]/ (1= 0f) ]
~ (@, +1) ! o)+ (I =0/ n(1~0}) )
~2a,(a,+1) 2 (I~o}) (I+0/k[oj/ (I=0/)])  (20)

A similar procedure may be followed with Eq. (17¢) to obtain
an expression for Ay, when lz—n!> I(a, —1)no.l. In writing
down this expression, it is convenient to refer to Figs. 2 and 3
to note that ¢, > o/, and thus to simplify it to an approximate
form by letting o;—0, obtaining

Ay, K~1=—(a;~1) ~2((a,tna, —a;+ D ulo)(1—0}) /0!]
—lanli+ (a;— Do)l —(a,— Do lnla,/(I—0,) ]}
+(a,+1) ol + (I=0l) (I ~0a)) }
+2a,(a,+1)~20l{ (1—0))tu[0)/ (1—0))]—1} Q1)

with maximum error of 0(o ffno ).

These equations do not involve z, signifying that Ay, is
constant across the span. The manner in which the equations
have been developed specifies Ay, as the displacement of the
surface toward the shock wave, It should be noted, however,
that Eq. (11) allows the shock wave to adopt any curvature in
the streamwise direction and, if the wing surface is fixed, Ay,
can be interpreted as the movement of the shock wave toward
the surface.

Ay, is plotted in Fig. 4a for a wing with a chord sufficient
to allow an approach toward a shock layer in chemical
equilibrium. Curves are presented for ¢,=10000,,
corresponding to the relaxation profiles for air shown in Fig.
2 and for the range of a, associated with the experiments
reported later. Reactions begin at x=o, and first reach
equilibrium, at the wing surface, for x=0,/0,, but it can be
seen that nonequilibrium effects continue to be a significant
influence for a further increase in chordwise distance by
nearly a factor of 10.

By retaining more of the terms in Eq. (19), it is possible to
obtain more accurate, but correspondingly more complicated,
expressions for Egs. (20) and (21). When an additional two
terms were retained to calculate the curves for ¢, =0.5 and 2
in Fig. 4a, the changes in Ay, could not be distinguished on
the scale of the graph, indicating that Egs. (20) and (21) are
adequate for the range of a, shown.

For flight conditions, particular interest centers on chord
lengths much greater than o, but less than o,. A simplified
approximate form for (Ay), may then be obtained by
neglecting terms of 0(g7) in Eq. (20), leading to

Ay, K~1=—(a,— 1) ?(a;ma, —a;+1)tno;—2a,(a; + 1) ~?
(22)

Now, as shown by Hida,* integration of the second term of
Eq. (15) yields

Ag=(a;,—1)"2(a,bea, +1—a,) (23
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Fig. 4 Effects of reactions as predicted by approximate theory:
a) change in centerline shock standoff; b) streamline displacement.

where A, is the constant-density shock standoff distance on
the centerline. Therefore Eq. (22) can be written as

Ayy=~KAy(brof+A) 24)

where A=2a,(a,-1)’(a; +1)"*(a,fna,+1—a;)~'.+ This
approximate equation is also plotted in Fig. 4a and is seen to
coincide closely with Eq. (20) in the range of values of x/o,
that are of interest.

The first term on the right-hand side of Eq. (24) represents
the overall increase in average density as reaction lengths in
the shock layer are increased by moving downstream; the
second term represents the effect on the crossflow pattern of
changes in density distribution caused by the reactions. The
relative magnitude of the two terms depends upon the distance
from the apex as well as the spanwise velocity. At the highest
transverse shock curvature, corresponding to a; =2, when the
spanwise velocity is greatest, A is 0.5 of fwo; at 0/=0.1 and
falls to 0.25 of /oy at ¢/=0.01. For a,=0.5, the respective
fractions are 0.3 and 0.15.

B. Modification to Crossflow Pattern

The reaction-induced change in the crossflow pattern may
be estimated by returning to Eq. (18) and, as before, using the
approximation derived from Eq. (19) to evaluate the integral.
Then, neglecting terms of 0(a/), it is found that

AYK~1=—(a;—1) "2 (afaN+1—N)lnof
—(a,+ 1)y n(a, =)+ (a3 =D T [(AN=D)Ia(N=1)
+(a;—Nn(a, =N 1+2a,(a;—1) " (a;+1)2{1-\
+(a, =D~ Ha; =N A=DW[(A=0D)/(a; =N ]} (25
where A=z/7. This expression yields the displacement of the
streamlines toward the shock and is plotted in Fig. 4b. In-
tegration of the second term of Eq. (15) yields (y, —»), =(a,

—1)~%(a, N+ I—\) for the distance of the streamline from

TNote that Eq. (24) is similar to Eq. (17) of Ref. 10, with a more
accurate approximation used to obtain the second term.
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Fig. 5 Wing surface displacement due to reactions—exact and
approximate (af’-=0.05, K=0.1).

the shock in constant-density flow, and this is used as the
abscissa in Fig. 4b. If Ay varies linearly with (v, — »),, then the
crossflow pattern may be obtained conveniently from the
constant-density crossflow pattern by a suitable uniform
contraction of the y coordinate. As may be seen from the
figure, this is true only to a rough approximation, which is
more accurate at the higher than the lower values of a,. As
may be expected, it becomes more accurate as o/ is reduced,
since the first term in Eq. (25) then becomes more dominant.

C. Comparison with Exact Calculations

In Fig. 5, some sample results of the approximate theory, as
summarized in Eq. (24), are compared with exact calculations
in which numerical methods were used to perform the in-
tegration in Eq. (12) for constant-density shock shapes ob-
tained from Ref. 3. At C=0, corresponding to a flat wing, a
midspan region exists in which the exact and approximate
theories are consistent, and this region increases with cen-
terline shock curvature. The approximate values of Ay, are
high because the value of K, chosen to be slightly in excess of
the highest value associated with the experiments, in fact
yields excessive relaxation-induced density changes in Fig. §
of the order of 30%. It is found that reducing K brings the
two theories into closer agreement. At C=—-0.75,
corresponding to a caret wing, the case where a; =0.01 shows
wide divergence between the two theories, but again,
agreement improves as the shock curvature increases with
detachment. At C=0.75, corresponding to the diamond cross
section, the midspan region of agreement is negligible, but it is
interesting to note that, if the measured slope of the w(z) curve
between z=0.4 and 0.9 is used for a,, then Eq. (24) provides a
good prediction of Ay, in this region.

A distinct feature of the results is that, as w(z) deviates
from the linear form in approaching the wing leading edge, a
contoured and somewhat unrealistic wing shape develops. For
constant-density flows, Squire? avoided this difficulty by
taking more practical surface shapes and using numerical
methods to calculate the shock shape. Unfortunately, the
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Fig. 7 Shock standoff on flat delta wing—effect of incidence
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theory developed here strictly does not allow this procedure,
as the x dependence in Eq. (12) then conflicts with the
requirement, expressed in Eq. (11), that the shock profiles in
the crossflow plane be self-similar.

It is possible, however, to obtain a rough estimate of the
effect of displacing the surface near the wing leading edge to
cause it to ‘“‘straighten.”’ Figure 6 summarizes calculations
made by Squire,? displaying the effect on constant-density
centerline shock standoff of changes in dihedral of a wing
with plane surfaces. A Ay, at the wing tip of 0.1 corresponds
to a change in C of the same order and leads to a change in A,
of the order of 0.025. The change is in a direction that tends to
bring the exact theory into closer agreement with the ap-
proximate theory. Through Eq. (23), this leads to a change of
the order of 10% in @, and, from Eq. (24), it then follows that
changes in Ay, are of the order of 5%. Thus, both the direct
effect of altering C and the indirect effect on (Ay), remain
small in comparison with the wing tip displacement causing C
to change. Accepting that changes induced by straightening
the surfaces in Fig. 5 will be of the same order as those ob-
tained by changing C, it can be concluded that only a second-
order error is made if the approximate solution is assumed to
apply to wings with plane surfaces.
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I1V. Comparison with Experiment

Stollery and Stalker®’ performed a series of experiments on
delta wings in a free-piston shock tunnel, at test section
densities and stagnation enthalpies that allowed effects due to
chemical relaxation to be observed in air. They used the
schlieren technique to measure the shock standoff at the
midspan of the wing and obtained a set of results at a
stagnation enthalpy of 20 MJ/kg that may be compared with
the predictions made according to the present analysis. The
associated test conditions involved a pitot pressure of 70
kNm ~2 and a Mach number of 7.5.

To calculate the shock standoff, the density immediately
after the shock is required. Although the preceding analysis
has implicitly used the postshock frozen density for this
purpose, there is clearly some arbitrariness about this choice,
since, provided the density chosen is reached close to the
shock, it will make no physical difference to the flow whether
the shock boundary conditions are taken at the frozen values
or at values that incorporate some of the relaxation process. It
may be expected that any variation in standoff distance
arising from this choice will be compensated for in the
calculation of Ay,, and indeed, this has been confirmed
numerically for a number of typical cases. When conditions
are such that a substantial degree of -chemical relaxation
occurs within the shock layer, then there is an advantage in
choosing a value of density that incorporates some of the
relaxation process, since the density changes in the subsequent
relaxation are thereby reduced and the small density-change
approximation used in arriving at Eq. (24) is correspondingly
more accurate. For comparison with the experiments, the
density S mm downstream of the shock was used, thereby
limiting density changes due to relaxation to 20% of the shock
density. With the effective shock-density ratio so defined, Fig.
6 can be used to determine a first-order value for the constant-
density shock standoff.

The value of shock standoff so obtained must now be
corrected for second-order effects associated with constant-
density theory. These are discussed in Ref. 10, and are seen to
arise from second-order corrections to the y component of
velocity immediately after the shock and from the spanwise
density gradient induced by the curvature of the shock in the
crossflow plane. Arguments are advanced in Ref. 10 which
allow approximate expressions to be developed for the change
in centerline shock standoff due to each of these effects, thus:

(AY) gy =€V (1 + yptana) 26) 4

for the change in standoff due to the postshock velocity
correction, and

(Ay) g, =evgp2a,(a;—1)~2[2(a;— 1) = (a,+ 1)na;] (27)

for the spanwise pressure gradient effect. The combined effect
of these two corrections is displayed in Fig. 7 as the difference
between the first-order and second-order curves at H, =3
MIJ/kg, and they are seen to lead to a satisfactory prediction
of constant-density shock standoff.

Finally, the effect of chemical relaxation within the shock
layer is estimated from Eq. (24) and added as a further
correction to the shock standoff. In order to employ Egs. (24)
and (27) it is necessary to know the appropriate value of a,.
This may be obtained most conveniently by using Fig. 6 to
yield the centerline shock standoff distance and coupling this
with Eq. (23) to calculate a;.

The effects of varying incidence with a flat delta wing are
shown in Fig. 7. Results are plotted as 6/x*, the midspan
shock stand-off divided by the midspan value of x*. Low-
enthalpy results of gun tunnel experiments by Coleman,’ as
well as those of Stollery and Stalker, are included. The dif-
ference between the second-order curve at H, =3 MJ/kg and
the ‘“‘no-relaxation” curve at H =20 MJ/kg is due to the
effect of reactions on the effective shock-density ratio. The
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Fig. 9 Shock standoff on caret delta wing—effect of incidence
(leading-edge sweep =75 deg, h/b=10.39, /=125 mm).

experimental point at a="70 deg is also subject to the effects
of a subsonic trailing edge. The effect of chemical relaxation
can be seen by comparing the two theoretical curves at H, =20
MJ/kg, as the continuous curve shows the standoff predicted
with the relaxation term Ay, included. The satisfactory
agreement between this curve and the experimental results is
confirmation that the mismatch between the theoretical
requirements for the surface contour near the leading edge
and the flat surface provided in the experiments does not have
a first-order effect on the flow near the midspan.

This conclusion is reinforced by the results of Fig. 8, in-
volving delta wings of varying aspect ratio at fixed incidence.
In Fig. 7, a, varied from 0.8 at 40 deg to 1.5 at 60 deg,
whereas here it varies from 0.5 to 1.6. The low-enthalpy
results shown in the figure confirm the validity of the second-
order constant-density corrections as a basis for calculation of
the no-relaxation curve at high enthalpy, in spite of the
relatively high aspect ratio represented by allowing a leading-
edge sweep angle as low as 60 deg. It is clear that the
relaxation effect also is satisfactorily predicted at this sweep
angle. At the highest sweep angle, lack of schlieren sensitivity
unfortunately made it necessary for Stollery and Stalker to
revert to luminosity photographs for flow visualization, with
some associated loss in accuracy. Thus the significance of the
consistency between theory and experiment is somewhat
diminished in that case.
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Results for the caret wing are presented in Fig. 9. The value
of a; varies from 0.2 at =155 deg to 1.3 at =75 deg, which,
according to Fig. 5, implies that there is a significant region
near the midspan in which the approximate theory is expected
to be valid. There is a slight but systematic discrepancy
between experiment and theory in the rate at which standoff
increases with increasing incidence. This is evident at both
stagnation enthalpy levels and is tentatively ascribed to the
fact that, with a wing anhedral angle of 21 deg, the wing
surface does not strictly satisfy the requirement of the theory
that the surface slope should be small. When an allowance is
made for this discrepancy, the variation with incidence of the
relaxation-induced decrease in standoff is seen to be in accord
with predictions, although the agreement is not as clear cut in
this case as it is for the flat wings.

V. Conclusion

The investigation has shown that the effects of density
changes due to chemical relaxation in the flow over a delta
wing can be accommodated within existing shock layer theory
for delta wings. This is possible because the theory essentially
involves a conical flowfield and chemical relaxation induces a
rate of change of density that is inversely proportional to the
streamwise distance from the beginning of the interaction.
This effect allows the influence of density changes in a fluid
element to remain matched to the expanding scale of a conical
flowfield as it passes downstream. An approximate analytic
solution has been developed which applies, when density
changes are small, to the part of the flow near the midspan. It
is consistent with exact numerical calculations for flat and
caret delta wings with a shock wave that is well detached, and
predicts that the effect of reactions is to displace the shock
wave toward the surface without altering its shape. The exact
calculations showed that, strictly, somewhat distorted surface
shapes are required to accommodate the requirements of the
approximate theory. Order-of-magnitude arguments in-
dicated, however, that only second-order errors are made in
applying the solutions to more practical wings with plane
surfaces. This was confirmed by experiments on flat and caret
delta wings.
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